The energy conservation of grating diffraction is analyzed in a particular condition of incidence in which two incident waves reach a symmetrical grating from the two sides of the grating normal at the first-order Littrow mounting. In such a situation the incident waves generate an interference pattern with the same period as the grating. Thus in each direction of diffraction, interference occurs between two consecutive diffractive orders of the symmetrical incident waves. By applying only energy conservation and the geometrical symmetry of the grating profile to this problem it is possible to establish a general constraint for the phases and amplitudes of the diffracted orders of the same incident wave. Experimental and theoretical results are presented confirming the obtained relations.
INTRODUCTION
In the past forty years different methods have been successfully employed to solve the diffraction problem of surface relief gratings. The main purpose of these theories has been the calculation of the diffraction efficiencies as a function of the grating parameters, such as depth, period, and shape of the profile. In recent years, however, many applications of surface relief gratings in resonant and subwavelength domains as polarizing elements have been developed. For the design of such elements the phase of the diffracted waves plays a crucial role. 1, 2 Most theories allow the calculation of such phases; however, the absolute phase values have no physical meaning, and only the relative phase differences are experimentally measurable. In order to check the theoretical phase calculations, reciprocity and energy conservation were used to establish phase constraints for some particular cases involving only four diffracted orders. 3, 4 In this paper we obtain a general constraint for the phases of the diffracted waves by applying only energy conservation and geometric symmetry for a lossless grating at symmetrical Littrow mounting. Experimental and theoretical results are presented confirming the obtained relations.
WAVE MIXING CONDITION OR SYMMETRICAL LITTROW MOUNTING
If a symmetrical grating (of period ⌳) is illuminated simultaneously and symmetrically by two coherent waves (fields E r and E s ) of the same wavelength and at the firstorder Littrow mounting ( =− L and L , respectively), then from the grating equation, in the ith direction of diffraction there is a superimposition of two diffracted fields, E r͑i͒ , and E s͑i−1͒ . Such a situation is illustrated in Fig. 1 for the transmitted orders (the reflected orders are omitted for simplicity). The total number of existing transmitted orders ͑2N͒ and reflected orders ͑2M͒ depends on the wavelength-to-grating period ͑⌳͒ ratio and on the refractive index of the grating material.
This sum or superimposition is also called wave mixing, 5 and the resulting irradiance in the ith diffraction direction is given by
with C being a constant that depends on the refractive index of the media and E i the sum of the two diffracted fields E r͑i͒ , and E s͑i−1͒ . is the phase difference between the incident waves, which represents the phase shift between the grating itself and the interference pattern generated by the two incident waves E r and E s . is the phase of each diffracted wave, caused by diffraction. I r͑i͒ and I s͑i−1͒ are the irradiances of the diffracted waves E r͑i͒ and E s͑i−1͒ , and I r and I s are the irradiances of the incident waves E r and E s , respectively.
If the grating is lossless, the sum of the irradiances I i in all the existing diffraction directions (reflected and transmitted) must be equal to the sum of the irradiances of the incident waves I r + I s . Using the superscripts T for the transmitted orders and R for the reflected orders, this energy conservation can be written as
The irradiances of the diffracted waves can be written in terms of their diffraction efficiencies as
By using the fact that for a lossless grating, energy conservation must be valid for each individual incident wave E s and E r , we have
Substituting Eqs. (3)- (8) into Eq. (2), it is possible to obtain the following general constraint relating the phases and the diffraction efficiencies of all existing diffraction orders of a lossless grating at Littrow mounting:
If the grating presents a symmetrical profile (in relation to the bisector of the incident beams), the diffraction efficiencies and the phases of the symmetrical E r and E s incident beams must be equal:
͑11͒
Thus the constraint relation expressed by Eq. (9) simplifies to
This general constraint relates the phases and the amplitudes of all existing diffracted orders of the same incident E s wave ͑ = + L ͒ for a lossless symmetrical grating. A corresponding result can be obtained for the E r ͑ =− L ͒ incident wave. This constraint can be used to check the phase and amplitude values of the diffracted waves calculated by any theory. Although the same constraint expressed by Eq. (12) can be derived in grating theory from the unity of the scattering matrix for a lossless grating, 6 the above derivation gives a better physical insight into such phases. The analysis of the distribution of the energy between the diffracted orders allows, for example, previewing the phase difference behavior as a function of the geometrical parameters of the grating.
Applying the constraint relation to a grating whose period is small enough to allow just four diffracted orders (the minus first and the zeroth diffracted orders by transmission and by reflection) produces
This relation represents the same phase constraint obtained by Botten 3 and Botten et al. 4 by using the principle of reciprocity, energy conservation, and the symmetry properties of lossless diffraction gratings.
If the grating is a perfectly conducting grating (totally reflecting grating), the efficiencies of the transmitted orders are null; thus
with m being an integer. The same occurs if the diffraction efficiencies of the reflected orders are negligible, as for example in the case of a volume grating (Bragg grating). In this case, 
This / 2 value of the phase difference between the first and zeroth diffracted orders is a well-known result from the coupled wave theory 7 for dielectric volume gratings. The same / 2 phase value appears in the scalar diffraction theory 8 as the phase difference between successive orders diffracted by phase gratings.
From the above results we can expect that the phase difference between the first and zeroth orders deviates from the / 2 value if the diffraction efficiencies of the remaining diffracted orders are not negligible.
THEORETICAL RESULTS
The theoretical phases and amplitudes of diffracted waves were calculated for gratings of three different periods (⌳ = 0.4, 0.6, and 0.8 m) as a function of the grating depth by using the coordinate transformation method (the C method). 9 A sinusoidal relief grating at Littrow mounting was assumed with TE polarization and wavelength = 457.9 nm. For the dielectric material of the relief grating we consider a real refractive index n = 1.645. Table 1 shows the results of the diffraction efficiencies and phases of all the existing diffracted orders as well as the values of both product terms in Eq. (12) for a grating of period 0.4 m and depth 0.2 m. For this grating there are only two transmitted diffracted orders and two reflected diffracted orders; thus both products must be equal with opposite sign. Table 2 shows the corresponding results for a grating of period 0.6 m and depth 0.5 m. For this grating there are four transmitted diffracted orders and two reflected diffracted orders; thus the sum of the three product terms must equal zero. Table 3 shows the results for a grating of period 0.8 m and depth 0.6 m. For this grating there are six transmitted diffracted orders and four reflected diffracted orders; thus the sum of the five product terms must equal zero.
Note that, independent of the period (number of orders) and depth of the grating, the sum of the products remains near zero, confirming the validity of the constraint stated in Eq. (12) and that both amplitude and phase calculated by the employed method 9 are credible. Figure 2 shows a graph of the phase difference between the minus first diffracted order and the zeroth diffracted order by transmission ͑ −1 T − 0 T ͒ for sinusoidal surface relief gratings with three different periods (0.4, 0.6, and 0.8 m) as a function of the grating depth. Note that for the grating period of 0.4 m the phase difference remains close to the / 2 value, as expected from Eq. (15). In the same figure is shown (right axis) a graph of the sum of the efficiencies of all remaining diffracted orders (excluding the minus first and zeroth orders) as a function of the grating depth. We can observe that the deviation of the phase difference ͑ −1 T − 0 T ͒ from the / 2 value with the grating depth starts when the sum of the diffraction efficiencies of the remaining diffracted orders increases, and it occurs in the same sequence of grating period.
EXPERIMENTAL RESULTS
Using a method proposed in a previous paper, 10 we measured the phase difference between the minus first and the zeroth transmitted diffracted orders of surface relief gratings at Littrow mounting. During the measurement a 
Value of product terms in Eq. ͑13͒ calculated using data from upper part of table. 
a Value of product terms in Eq. ͑12͒ calculated using data from upper part of table.
grating recorded in a photoresist film of AZ 1518, coated on a glass substrate, is repositioned in the same setup in which it was recorded. 10 In order to avoid the effects of the reflection at the rear side of the substrate, the glass substrate was index matched with a glass prism.
The accuracy of the measurement is dependent on the accomplishment of a high-precision repositioning, when a moiré-like pattern should be formed. 10 The experimental measurements of the phase difference between the negative first and the zeroth transmitted diffracted orders ͑ −1 T − 0 T ͒ for holographic surface relief gratings of period 0.8 m and different depths are shown in Fig. 3 . For comparison, in the same figure are shown the theoretical expected curves for phase difference ͑ −1 T − 0 T ͒ for three different grating profiles: sinusoidal, lamellar, and triangular. Note that despite the large experimental errors, the experimental measurements of the phase difference ͑ −1 T − 0 T ͒ follow the expected theoretical curve for Fig. 2 . Phase difference between the minus first and the zeroth diffracted orders by transmission ͑ −1 T − 0 T ͒ as a function of the grating depth for sinusoidal relief gratings in photoresist ͑n = 1.645͒ for the TE polarization and = 457.9 nm and for three different grating periods 0.4, 0.6, and 0.8 m. In the same graphic (right scale) is shown the sum of the diffraction efficiencies of all other existing diffracted orders (excluding the minus first and zeroth). the sinusoidal profile. Some experimental points deviate from the curve corresponding to the sinusoidal grating profile, approaching the curve corresponding to the lamellar grating profile. An analysis of the grating profiles of such samples by scanning electron microscopy confirm the changes in the sinusoidal profile, as can be seen in the inset photograph. The departure of the phase difference ͑ −1 T − 0 T ͒ from the / 2 value as a function of the grating depth is different for the three different grating profiles. This occurs as a result of the different increase, in energy of the remaining diffraction orders as the grating depth increases, for the different grating profiles. As the sum of the efficiencies of the remaining diffracted orders for a lamellar grating increases more rapidly with the depth than that for a sinusoidal grating profile, the departure from the /2 value also occurs more rapidly. For the same reason the opposite behavior should be expected for the triangularshaped grating. Figure 4 shows the experimental measurement of the phase difference ͑ −1 T − 0 T ͒ and ͑ −1 R − 0 R ͒ for photoresist gratings of period 0.4 m and different depths. The squares show the measurement for the transmitted orders ͑ −1 T − 0 T ͒, and the triangles show the phase difference ͑ −1 R − 0 R ͒ measured for the reflected orders. The measurement of the phase differences between the reflected orders presents a larger error bar as well as a larger dispersion compared with the transmitted orders, because the same mismatch in the grating replacement produces a greater distortion in the reflected wavefronts than in the transmitted ones. In addition, the reflection at the photoresist-glass interface introduces an error in the phase measurements that can be neglected for the transmitted orders, because their intensities are higher.
Note that for the transmitted orders the phase difference remains close to / 2 while the phase difference between the reflected orders does not. This occurs because for this period there are only two diffracted transmitted orders and two reflected diffracted orders, and the diffraction efficiencies of the reflected orders are negligible in comparison with those of the transmitted orders. Thus from Eq. (15) the phase difference between the two more efficient orders must be close to /2.
CONCLUSIONS
Using only energy conservation and the symmetry properties of the grating, we derived a general constraint relating the phases and amplitudes of the diffracted orders for a lossless symmetrical grating at Littrow mounting. Although this same constraint can be derived from a general treatment of the diffraction problem by using reciprocity, energy conservation, and the symmetry properties of a grating, this formulation gives a physical insight for the phases allowing one to predict the phasedifference behavior as a function of the grating parameters (such as period, depth, and material).
The numerical verification of this phase constraint [Eq. (12)] allows checking the confidence of the calculated amplitude and phase values of the diffracted orders as well as the method of calculation. The experimental measurements of the phase differences between the minus first and zeroth diffracted orders demonstrate that both the behavior expected by the phase constraint and the theoretical calculation of the phases are correct. 
